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Abstract 

Let K be a field and t > 0. Denote by B m (t, K) the supremum of 
the number of roots in K* , counted with multiplicities, that can have 
a non-zero polynomial in K[x] with at most t + 1 monomial terms. 
We prove, using an unified approach based on Vandermonde determi- 
nants, that B m (t,L) < t 2 B m (t, K) for any local field L with a non- 
archimedean valuation v : L — > R U {oo} such that f|z^ = and 
residue field K, and that B m (t, K) < (t 2 —t + l)(p^ — 1) for any finite 
extension K/Q) p with residual class degree / and ramification index e, 
assuming that p > t + e. For any finite extension K/Q> pi for p odd, we 
also show the lower bound B m (t, K) > {2t — \){pf — 1), which gives the 
sharp estimation B m (2, K) — 3(pf — 1) for trinomials when p > 2 + e. 

Keywords: Lacunary polynomials, Root counting, Local fields, Generalized 
Vandermonde determinants. 

Mathematics Subject Classifications: 11S05, 13F30. 



1 Introduction 



Definition 1.1. Let K be a field and let t > 0. We denote by Bi(t,K) and 
B m (t,K) the supremum of the number of roots in K* , counted without/with 
multiplicities respectively, that can have a non-zero polynomial in K[x] with 
at most t + 1 monomial terms. 

*Partially supported by NSF MCS grant DMS-0915245. 

tResearch supported by grants UBACYT X-113, 2008-2010, and CONICET PIP- 
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Since a monomial can not have non-zero roots, we have -E?i(0, K) = 
B m (0,K) = for any field K. For this reason, we restrict our attention 
to the case t > 1. Note also that B\(t,K) < B m (t,K) for any field K 
and any t > 0. Moreover, if K is a field of characteristic zero, it can be 
shown (by taking derivatives) that any root in K* of a polynomial with t + 1 
non-zero terms has multiplicity at most t, hence B m (t,K) < tB\{t,K), 
although we do not even know whether B m (t,K) might be greater than 
Bi(t, K) in this case. When K is a field of characteristic p ^ 0, the binomials 
x p n _ x = (x — l) p ™ £ which have the root x = 1 with multiplicity 

p n , show that B m (t,K) = oo for any t > 1. Similarly, for any algebraically 
closed field if and £ > 1, we have B\(t,K) = B m (t,K) = oo, since the 
binomials x d — 1 have d different roots in K* for any positive integer d not 
divisible by the characteristic of K. 

For the field of real numbers R, it is well-known by Descartes' rule of signs 
that .Bi(t,R) < B m (t,M) < 2t. Furthermore, the equality holds since this 
upper bound is attained by the polynomials (x 2 — l 2 )(x 2 — 2 2 ) • • • (x 2 — t 2 ) £ 
R[x], that have exactly t + 1 non-zero terms and 2t simple real roots. This 
result extends straightforwardly to any ordered field by the corresponding 
generalization of Descartes'rule of signs (and since the same example stays 
valid), see for instance in [H Prop. 1.2.14]: 

Theorem 1.2. Let K be an ordered field. Then 

B 1 (t,K) = B m (t,K) = 2t. 

Here we give a different proof of this theorem, based on generalized 
Vandermonde determinants, in order to introduce the technique used in the 
proof of our main results. 

Recall that if K is an ordered field, then also the field of formal power 
series K((u)) and the field of Puiseux series JT{{-u}} = U n >i K^u 1 ^)) are 
ordered (by saying that a power series is positive if and only if its first non- 
zero coefficient, i.e. the one with minimum power of u, is positive). Also 
the field of rational functions K(u) can be ordered by embedding it into 
K{(u)). Theorem O implies that B x (t, K{{u}}) = B m (t,K{{u}}) = 2t for 
any ordered field K. 

For other fields, the situation can be dramatically different. For in- 
stance, B. Poonen showed in [1Q|, Thm. 1], that in the case K = ¥ q , we 
have Bi(t,¥ q {{u}}) = q l . In the case of a field K of characteristic zero, 
next result gives a bound for Bi(t, K{{u}}) and B m (t, K{{u}}) in terms of 
B x (t,K) and B m (t,K). 

Theorem 1.3. Let L be a local field with a valuation v : L — > RU{oo} such 
that v(n ■ 1l) = for all n £ Z \ {0} ; and let K be its residue field. Then 

Bi(t,L) <t 2 B x (t,K) and B m (t, L) < t 2 B m (t, K). 
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Note that the assumption v(n ■ l£) = for all n £ Z \ {0} implies 
that L is a field of characteristic zero, because otherwise we would obtain 
a contradiction in t>(char(L) • I/,) = v(0) = oo. Also, by construction of 
the residue field, we have that u(char(if) • 1l) > 0, and hence K is also 
implied to be of characteristic zero. Theorem II. 31 can be applied to the fields 
L = K{(u)) or L = if{{u}}, as long as a bound for B\(t,K) or B m (t,K) is 
provided. The valuation on L used in this case is the trivial one, i.e. v\k* = 
and v(u) = 1. Unfortunately, the bound obtained is not sharp in general. 
For instance, the case K = R give us B x (t, R{{«}}) < B m (t,R{{u}}) < 2t 3 , 
while the sharpest bound is It. 

Theorem 11.31 can not be applied to the field Q p of p-adic numbers (nor to 
any finite extension K/Q) p ), since its residue field has non-zero characteristic. 
In the case of a finite extension K of Q p with ramification index e and residue 
class degree /, H.W. Lenstra proved in [JJ Prop. 7.2] that 

B m (t,K) < ct 2 (pf - 1) (1 +elog(et/log(p))/log(p)) J 

c = e/(e — 1) ~ 1.58197671. Our following result improves Lenstra's for 
prime numbers p large enough with respect to the number of non-zero terms. 

Theorem 1.4. Let K/Q p be a finite extension, with ramification index e 
and residue class degree f. Assume that p > e + t. Then 

B m (t,K) < (t 2 -t + 1)(/-1). 

The previous bound is sharp for binomials (i.e. t = 1), since the polyno- 
mial x p — x £ K[x] has — 1 roots in K* . It is also sharp for trinomials 
(i.e. t = 2) when p > 2 + e, thanks to the following explicit example, see 
Section HI 

Example 1.5. Let p be an odd prime number and let K/Q p be a finite 
extension with residue field of cardinality q. Then, the trinomial 

f{x) = x ^~m+^- 1 ) _ (i + ql-^xi- 1 + qi- 1 e R[x] 

has at least 3(q — 1) roots in K* counted with multiplicities. 

In [3], the authors define the class of regular polynomials in if [a;], where 
if is a local field with respect to a discrete valuation with residue field 
of cardinality q < +oo, and prove that the polynomials in this class can 
not have more than t(q — 1) roots in K* , counted with multiplicities [3, 
Cor. 4.6]. Moreover, this bound is sharp for regular polynomials, since 
explicit examples (with all simple roots) are presented. This implies the 
lower bound B m (t,K) > B\(t,K) > t(q — 1). Note that in particular, 
this lower bound holds for any finite extension K/Q p . The following result 
improves it in this case by a factor of almost 2. 
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Theorem 1.6. Let p be an odd prime number and let K/Q> p be a finite 
extension with residue field of cardinality q. Then B\(t, K) > (2t — — 1). 

The previous results also complement another result by Lenstra, where 
the sharp estimate 5 m (2,Q2) = 6 is shown Prop. 9.2]. He also asks 
for the exact value of -B m (2,Q p ) for other primes p. As a consequence of 
Theorems 11.41 and 11.61 and Example 11.51 we derive that 

fli(2,Q p ) = S m (2,Q p ) = 3(p-l) 

for any prime p > 5, thus leaving the case p = 3 as the only remaining open 
question. For t = 3, we are also closing the gap to 

5(p-l)<#i(3,Q p )<B m (3,Q p )<7(p-l) 

for any prime p > 5. Moreover, for any (t+ l)-nomial over Q p with p > t + 1 
we deduce 

(2t-l)(p-l)<B 1 (t,Q p )<B m (t,Q p ) < (t 2 _t + i)(p-i). 

A deeper analysis for the case t = 3 may give a hint of whether the sharp 
bound for (t + l)-nomials is linear or quadratic in t. Our feeling is that it 
should be quadratic although we do not have yet any evidence to support 
it. 



2 Generalized confluent Vandermonde determinants 



Definition 2.1. Let a = (ai, . . . , at) € N* and for s € N, (xq, • • • , %s-l) be 
a group of s variables. The generalized Vandermonde matrix associated to 
a is defined as 



( 1 ■'" 



o 



\ 



Ql 



e Z[x , 



j X s — 1 



|SX(t+l) 



/ 



M a (aj , • • - ,x s _i) = 

\ 1 x 

When s = t + 1, the polynomial 

V a (x , ...,x t ) = det(M a (x , • • -,x t )) £ Z[x , ...,x t ] 
is called a generalized Vandermonde determinant. 

We note that when st = (1, 2, . . . , t), then V s t(xo, . . . , xt) corresponds to 
the standard Vandermonde determinant. 

The basic properties of generalized Vandermonde determinants are sum- 
marized in the following well-known proposition, see for instance O Thm. 5] 
or [9J. 
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Proposition 2.2. Let a = (a%, . . . , at) with < ct\ < ■ ■ ■ < at ■ Then 



(a) VstOo, •• • ,%t) 



n 



0<i<j<t 

(b) V a = V s tP a for some non-zero P a € Z[xq, . 



( c ) Va. and P a are homogeneous polynomials of degree \a\ and \ot\— t(t+l)/2 

respectively. 

(d) The coefficients of P a are all non-negative. 

We show now, before dealing with multiplicities, how Proposition 12.21 
immediately implies B\ (t, K) < 2t for ordered fields. 

Proof of Theorem \1.2\ (first part). Suppose that B\{t,K) > 2t. Then there 
exists a non-zero polynomial / = ao + a\x ai + • • • + atx at € K[x] with 
strictly more than 2t different roots. Therefore at least t + 1 of these roots, 
say ro,...,rt, are all strictly positive or strictly negative. The equalities 
f{ri) = for < i < t translate into the matrix identity 



M a (r , ...,r t ) 



( ao 



\ a t 



and since / ^ 0, we conclude that V^ro, 
tionE2{d), 



, r t ) = 0. However, by Proposi- 



V a (r , . . . ,r t ) = Vet(r , . . . ,r t ) P a (r , . . . ,r t ) + 

since T4t(ro, . . . ,r t ) ^ and P a (ro, . . . ,r t ) is strictly positive or negative 
according to the sign of the r^s. Contradiction! □ 

In order to deal with multiple roots, we need a more general version of 
Definition 12.11 and Proposition 12.21 



Definition 2.3. Let a = (a±, . . . , at) £ N*, (xq, . . . ,x m ) be a group of 
m + 1 variables for m > 0, and s = (sq, . . . , s m ) € N m+1 . The generalized 
confluent Vandermonde matrix associated to a and s is defined as 



, x r 



( 



— t+i — 
M5>(x ) 



\ 



Mn 



G Z[x ,. 



|s|x(t+l) 



(x m -i) J 
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where for < i < m, 



/ 1 





x 



i 

ai—1 



X 
Q>tX 



I 

at— 1 



\o (A) 



ai \ x ai-Si+l 



( a t \ at-Si+1 



g Z i, 



is;x(t+l) 



When \s\ = t + 1, the polynomial 

V£(x , ■ ■ .,%) = det(M^(:co, • • • ,%)) G Z[x , ...,%] 

zs called a generalized confluent Vandermonde determinant. 

Note that the matrix M a (xo, . . . ,x s -x) of Definition 12.11 corresponds to 
the matrix M^(x , . . . , sc s _i) with 1 = (1, . . . , 1) G N s . 

Next result generalizes Proposition 12.21 to these more general matrices. 
Proposition 2.4. Let a = (a\, . . . ,at) with < ct\ < ■■■ < at and let 



st 



1,2, ...A). Let s 



(s ,...,s m ) g 



jm+l 



with \s\ = t + 1. Then 



( a ) V t j > t (x ,...,x m ) 



n & 

0<i<j<m 



(b) V£ = V&P£ for some P* G Z[ar , • • • , x m ] . 

(c) V£ and P^ are homogeneous polynomials of degree \at\— YllLo Si(si — 1)/2 

and |a| — i(i + l)/2 respectively. 

(d) T/ie coefficients of P^ are all non-negative. 
Proof. Set 

s = (s , . . • , s k -i, s k + 1, s k+1 , . . . , s m ) G N m+1 , 

s = (s , . . . , s fc _i, Sfc, 1, Sk+i, ■ ■ ■ , s m ) G N m+2 . 

The proofs will be inductive, assuming the properties hold for s and proving 
them for s, noting that the case s = (1, 1, . . . , 1) G N* +1 corresponds to 
Proposition 12.21 They are based on the following identity of polynomials. 

V£(x , . . . ,x k ,x k + 5, x k +i, ...,x m 



V£(x , . . .,x m ) 



5 s " 



(1) 



5=0 



To prove Identity (P), we perform row operations on M*(. . . ,x k ,x k + 5, . . .). 
More precisely, we will only operate on the subblock A of this matrix corre- 
sponding to Ma{x k ) and M^(x k + 5). 



A: 



M£{x k ) 
Mi(x k + 5) 



( 1 




Ql— 1 
°l X k 



Oil \ 

(x k + 8) 



ai-s fc +l 



a t xf- 1 



at \a t -s k +l 
i k -V k 

(X k + 5) a * ) 



6 



Expanding the last row and subtracting the first s k rows multiplied by 5 l 1 
from the last one, we get 



/ 1 





B 



x k 



E 



x k 



at N_at— *fc+l 



\ 



Now we compute the determinant V*(- ■ ■ ,x k , x k + 6, . . .) using the block B 
instead of A. The last row of B shows that it is divisible by 5 Sk . Moreover, 
dividing by 5 Sk and then specializing it into 5 = corresponds to keeping 
only the term in 5 Sk in the last row of B, thus reducing to the determinant 
of the matrix {xq, • • • , x m ). This concludes the proof of Identity ([1]). 

(a) See also [I] or Thm. 2.4]. 
Assume it holds for s. Then 

V* t (...,x k ,x k + 5,...) = Y[ fa- ^Y tSj II fa + 6 ~ Xi Y % II fa ~ fa + (5 )) S ' 

0<i<j<m 0<i<k k<j<m 

= n - ^) sisj n fa + <* - ^) si n ^ - + ^ 

0<i<j<m 0<i<k k<j<m 

Therefore, by Identity (P), 

V° t (x , ...,x m )= Yl fa - Xi ) SiS i Yl fa - Xi y* Yl fa - XkY 3 

0<i<j<m 0<i<k k<j<m 



yi fa - xiy'Yi fa - n fa - xkY iisk+i \ 



0<i<j <m; i,j^k 



0<i<k 



k<j<m 



proving that it holds for s. 

(b) Assume it holds for s. Then, by Identity ([1]) and the inductive hypoth- 
esis, we get 



V*fa, ...,x r 



y s f(. . . ,Xk,x h + 8, .. .)P*(- ..,x k ,x k + S,...) 



5=0 



which by the previous item and Identity ([T]) again gives 

V a {xq, . . . , X m ) = V s t (xq, . . . , X m )P a {xq, . . . , Xk, Xk, . . . , x r , 



We conclude by setting P*(x , . ._. , x m ) = P^fa, ■ ■ ■ , x k , x k , . . . , x m ), which 
belongs to Z[xq, . . . , x m ] since P^ has integer coefficients. 

(c) The proof of item (b) shows that the polynomials are homogeneous 
and of the same degree, independent from s, than the polynomial P a of 
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Proposition 12.21 We compute the degree of V^ t using item (a) : 

deg(Kf t ) = s iSj = ^ [M 2 -X>n = \ [\s\ 2 - \s\ -jr Si ( Si 

0<i<j<m V i=0 J V i=0 

^ Ms, -1). 



E 



2 2 

8=0 



Therefore, by (b), is a homogeneous polynomial and 

rn 

deg(V Q s ) = deg(F/ t ) + deg(P*) = |a| - £ - l)/2. 

i=0 

(d) The proof of Item (b) also shows that if we assume that the polynomial 
P£ has non-negative coefficients, then P£ has non- negative coefficients as 
well. □ 

At this point, we have all the ingredients to prove that B m (t, K) < 2t 
for ordered fields. 

Proof of Theorem \1.2\ (second ■part). Suppose that B m (t,K) > 2t. Then 
there exists a non-zero polynomial / = ao + a\x ai + • • • + at x at E K [x] with 
strictly more than 2t roots counted with multiplicities. Choose, for some 
m > 0, m + 1 of these roots, different, say ro, ■ ■ ■ , r m , all strictly positive or 
strictly negative satisfying that for some Si < mult(/; r-j), sq + - ■ - + s m = t+1 
holds, and set s = (sq, • • • , s m ). Note that since char(K) = 0, the equalities 

f(n) = ■■■ = f^-^in) = for < i < m 

translate into the matrix identity 

/ o 



M*(r ,...,r m ) 



/ ao 
\ <H 



This is because the k-th row of M^(rj) times (ao, ■ ■ ■ , at) 4 equals ^-jjrr^r^- 
Since / / 0, we conclude that V^(ro, . . . ,r m ) = 0. However, by Proposi- 
tion E3](d), 

V£(r , ■■■,r m ) = V* t (r , ...,r rn ) P*(r , . . . , r m ) / 

since V^ t (rQ, . . . , r m ) 7^ and P^(ro, . . . , r m ) is strictly positive or negative 
according to the sign of the rj's. Contradiction! □ 



8 



Note that the proof of Proposition 12.4( b) shows inductively that 



Pot ( x j • • • j %m) — Pa ( xp ; • • • ; XQj X\ , . . . , X\^ . . . , X m , . ^. , X m ) • (2) 

so si s m 

This observation is useful for the proof of next result, which will be used in 
Section [3J 

Lemma 2.5. Let a = (a±, . . . , at) with < a% < ■■■ < at and let s = 
(s ,...,s m ) GN m+1 . Then 



P a (l + x ,...,l + x m ) = det 

i<ft<-<ft 



/© © 



Pp{ x Qi ■ ■ ■ i x m) 



\ © • • • © 

where (3 = (J3i, . . . , fit). The same formula holds when replacing P by V . 
Proof. First we prove the identity for V a . 



V a (l + x Q , . . . , 1 + x t ) = det 



/ 1 (l + * ) Ql 

1 + 



(l + z ) a< \ 

(1 + Zl) a< 



det 



V 1 (l + x t ) ai ••• (l + x t ) at J 

( 1 S/3!>0 ©^V ■" Sft>0 ©^0 ^ 
1 Sft^O© 3 ^ 1 '" Sft>0 (/3t) x l* 



\ 1 Eft>0 (ft) 



ft,...,ft>i 



det 



' ^A>o (ft) 37 *' / 

/ 1 4 l ■■■ 4 \ 

1 Xi 1 • • • 



V i x* 



/ 



Reducing our sum to [3±, . . . ,/3 t pairwise different, and using the definition 
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of determinant in the last line, we get 
V a (l+x ,...,l + x t ) = 



( i 4° w 



E 



l</3 1 <-</3 t 
TePerm{l,...,£} 



ft(l) 



ft(t) 



det 



1 x 



Ar(l) 



V i 



E (-U 



i<Pi_<---<ff t 

j£P>im{l t) 



Oil 

ft(l) 



ft(t) 



det 









/ i 
i 


Xq 


Xg 

... J 3 * 
X l 


V i 




... J 3 * 



= E det 

i<Pi<-<p t 



© 



Vp(x , . . .,x t ). 



/© 

v © • ■ • © 

Now note that by Proposition 12.41 (a) , 

Vsti. 1 + xo, • • • , 1 + x m ) = V^{xq, x m ). 

Therefore, the identity holds for P a by Proposition 12.21 (b). Next, Iden- 
tity ([2|) implies that the identity holds for P*, and finally the identity for 
follows from Proposition 12.41 (b). □ 

Lemma [2.51 motivates the need of working with determinants of matrices 
whose terms are binomial coefficients. The following notation and results 
show that they share many properties with the generalized Vandermonde 
determinants. 

Notation 2.6. Let (3 = (ft, . . . , ft) G Z* >0 . We set 

/© © 



Wp(xi, ...,x t ) = det 



G Q\xi,...,xt\ 



V© ••• © 

where Q) = x(x - 1) • • • (x - + l)/ft. 

Lemma 2.7. Let 1 < ft < • • • < ft and Ze£ st = (1, 2, . . . , t). Then 

(a) p l \---p t \Wp{x u ...,x t ) G Z[xi,...,xt]. 

(b) l!2!...t!Wrt(xi,...,xt) = x 1 ---x t Yl {xj-Xi). 

l<i<j<t 

(c) ft! • • • ft! W/3 = 1!2! • • • t\W st Qp for some non-zero Qp G Z[x 1} ... ,x t ]. 
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(d) deg(W» = \(3\ and deg(Q^) = \(3\ - t(t + l)/2. 



Proof, (a) Multiply the j-th column of the matrix by (3j 
(b) We need to prove that 

/(T) ••• (?)\ 



det 



V (?) 



(?) / 



£1 • • • xt Y\i<i<j<t( x j x i) 
1!2! • • •*! 



Taking Xj as a common factor in the i-th row and as a common factor 
in the j'-th column, this determinant equals 



x\ 



x t 



l!2!---t! 



det 



(I xi -1 (xi-l)(xi-2) 

1 X 2 -l (x 2 -l)(x2-2) 

Vl xt-1 (x t -l)(xt-2) 



(xi - 1) 

(*2 " 1) 



(xi-i + l)\ 
(x 2 - t + 1) 



(x t - 1) • • • (xt - t + 1) J 



It is clear that adding the first to the second column, we get (xi, . . . , xj)* 
in the second column. Next, adding a combination of the first and the new 
second column to the third, we get (xf, . . . , xf)* in the third column, etc. 
Therefore our determinant equals 



/l 



x\---x t 
1!2! ■ ■ ■ t! 



det 



X\ x\ 



1 X2 X^ 



\ 1 X t X? 



4- 1 
„*-i 



which shows the statement. 

(c) The polynomial Wp(x\, . . . , x<) is divisible by xi---x<, since setting 
Xj = in the matrix that defines it yields a column of zeros. Similarly, it 
is divisible by the binomials setting X — X j would produce 
two identical columns. Since the polynomial f3\\ ■ ■ ■ fitWp € Z[xi, . . . , xt] of 
item (a) is divisible by all these coprime and monic factors, the quotient Qp 
has integer coefficients. 

(d) Since the degree of the j'-th column of the matrix defining Wr equals 
(3j, then deg(Wa) < \f3\. Moreover, a simple inspection shows that the 
monomial X^ ' ' ' X^ Cclll not be canceled. This means that deg(Wp) = \(3\, 
and therefore, by item (c), we conclude deg(Qp) = |/3| — t(t + l)/2. □ 

Observation 2.8. When ex = (a±, . . . ,at) G Z> , then Wp(a) € Z, since 
in this case, all the entries of the matrix defining it are integer numbers. 
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3 Local fields 



Throughout this section we assume that L is a local field of characteristic 
zero with respect to the non-archimedean valuation v : L — > R U {oo}. The 
ring of integers A = {x E L : v(x) > 0} is a local ring with maximal ideal 
Wl = {x E L : u(x) > 0}. The residue field of L is the quotient K = A/SJl. 

Definition 3.1. Let t>0. We denote by Di(t,L) and D m (t,L) the supre- 
mum of the number of roots in 1 + SOT, counted without/with multiplicities 
respectively, that can have a non-zero polynomial in L[x] with at most t + 1 
non-zero terms. 

Next example, which shows that the bound D±(t, L) = oo can be reached, 
was suggested to us by the referee: take L = Q p and / = x p " — 1. The set of 
solutions of this polynomial is the cyclic group of order p n , which is indeed 
contained in 1 + 97T, since by Fermat's theorem, r p_1 E 1 + 9Jt for such a 
root, and p — 1 is prime to p. 

Note that D\(t,L) < D m (t,L) < tDi(t,L), since in characteristic zero 
the roots of a polynomial with t + 1 terms can not have multiplicity greater 
than t. 

Proposition 3.2. Let L be a field with a valuation «:L->lU {o°}; with 
residue field K . Then 

B x (t,L) <tB 1 (t,K)Di(t,L) and B m (t,L) <tB x (t,K) D m (t,L). 

Proof. Let / E L[x] be a non-zero polynomial with at most t + 1 terms. 
The theory of Newton polygons (see \11\ Prop. 3.1.1]) shows that the set 
V = {v(r) : f(r) = 0, r G L*} corresponds to slopes of the segments of 
the Newton polygon NP(f) of / and thus has at most t elements. Take 
v € V and let ro € L* such that v(vq) = v. Every root r of / with v(r) = v 
corresponds to the root r/ro of g{x) := f(xro) with v(r/ro) = 0, with the 
same multiplicity. 

Therefore we only need to prove that g has at most B\(t, K)D\(t, L) (resp. 
Bi(t, K)D m (t, L)) roots with valuation zero counted without (resp. with) 
multiplicities. 

By dividing g by its coefficient with minimum valuation, we can assume, 
without loss of generality, that g £ A[x] and that not all coefficients of g 
belong to 971. Let g € K[x] be the non-zero polynomial obtained by reducing 
the coefficients of g modulo 9JT. Then, by Definition 11.11 the set W = {f E 
K* : g{f) = 0} = {n, . . . ,f m } has m < Bi(t,K) elements, each of them 
represented by some r , E A \ 

Each root r E L of g with valuation zero belongs to some coset + 9Jt, and 
each root of g in r j + 9H corresponds to a root of hi(x) := g{xri) in 1 + Wl. 
Since hi has at most D\(t, L) (resp. D m (t, L)) roots in 1+9JI counted without 
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(resp. with) multiplicities, then g has at most mD\{t,L) (resp. mD m (t,L)) 
roots in L with valuation zero counted without (resp. with) multiplicites. □ 



Now we derive Theorem 11.31 as an immediate consequence of Lemma 13.21 
above and Proposition 13.31 below. 

Proposition 3.3. Let L be a local field with a non-archimedean valuation 
v : L — > M U {oo} such that v{n ■ 1l) = for all n G Z \ {0}. Then 
Di(t,L)<D m (t,L)<t. 

Proof. The proof goes as the proof of Theorem 11.21 Let A be the ring of 
integers of L and let 9JT be the maximal ideal of A. As we pointed out in the 
introduction, the assumption on v implies that L has characteristic zero. 
Suppose that D m (t,L) > t. Then there exists a non-zero polynomial / = 
ao+a\x ai + • • -+atx at € L[x] with strictly more than t roots in 1+9JT counted 
with multiplicities. Choose, for some m > 0, m + 1 of these roots, different, 
say ro, . . . , r m , satisfying that for some s, < mult(/; rj), so + ■ ■ ■ + s m = t + 1 
holds, and set s = (so, . . . , s m ). The equalities 

f(r t ) = ■■■ = f^-^in) = for < i < m 

translate into the matrix identity 



M*(r ,...,r m ) 



\ a t 




Therefore, since / ^ 0, we conclude that V^(ro, . . . ,r m ) = 0. This implies, 
by Proposition |2.4f a-b). that P„(ro, . . . , r m ) = 0. Write = 1 + xi with 
Xi G 9Jt for < i < m. Then, applying Lemma 12.51 and using Notation 12.61 

P*(l + x ,...,l + x m ) = Yl Wp(a)P$(x ,...,x m ). 

l</3i<-<A 

Let us show that the term corresponding to f3 = st = (1, 2, . . . , t) in the 
right-hand side is a non-zero integer: W s t(a) € Z by Observation 12. 8| and 
is non-zero by Proposition 12.7( b) since ^ r,-; also P s s t = 1l by definition. 
Therefore by assumption it has valuation zero. The remaining non-zero 
terms have positive valuation since in that case Wn{a) is a non-zero integer 
number, and P^(xq, . . . ,x s ) has positive valuation since v(xi) > and PI 
is, according to Proposition I2.4( b-c). a homogeneous polynomial of positive 
degree with integer coefficients. Therefore v(P^(rQ, . . . ,r s )) = which im- 
plies -Pq^o, . . . ,r s ) is a unit in A, and in particular ^ 0. This contradicts 
the assumption D m (t,L) > t. □ 
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Proof of Theorem \1.3[ 



Bi(t,L)< t B x (t, K) Di (t, L) by Lemma 
< t 2 B x (t, K) by Proposition E3 

The same proof holds for B m (t, L). □ 

Our next aim is to prove Theorem 11.41 We do it following the same 
lines of the proof of Theorem 11.31 i- e - proving first in Proposition 13.81 below 
that Di(t,L) < D m (t,L) < t using Lemma 12.51 (which will require the 
extra assumption p > e + t), and then using Proposition 13.71 below, that 
improves Proposition 13.21 (if we used Proposition 13.21 we would conclude 
that Bi(t,L) < B m (t,L) < t 2 (q - 1) instead). 

In what follows, K is assumed to be a finite extension of Q p for an odd 
prime number p, with ramification index e and residue class degree /, A is 
its ring of integers and 5DT its maximal ideal. The valuation v : K — > MU{oo} 
of K extends the standard p-adic valuation v p of Q p . It satisfies v(p) = 1 
and its group of values is v(K x ) = ±Z. The ideal 27t of A is principal, 
generated by an element ir € A with valuation v(ir) = 1/e. The residue field 
¥ q ~ A/9JI is a finite field of cardinality q = p* . We finally define the "first 
di git" of an y x € K* to be the first digit in its expansion, i.e. corresponding 

to TT- ev i x )x G A/ffl. 

We will need the following lemma, which actual proof, simpler than our 
previous one, was suggested by the referee. 

Lemma 3.4. Assume that p — 1 \ e. Then 1 is the only p-th root of unity 
in K . 

Proof. Let £ p be a primitive p-root of unity. The prime p is totally ramified 
in Q(£ p ), see e.g. [8], and therefore the extension Q p (£ p )/Q p has degreep— 1. 
If K/Qp is a finite extension such that £ p 6 K, we have Q p (£ p ) C K and by 
the multiplicativity of the ramification degree, p — 1 | e. 

□ 

We also need Hensel's lemma in its Newton method version, see 
Prop. 3.1.2]: 

Lemma 3.5 (Newton's method). Let K be a complete field with respect to 
a discrete non-archimedian valuation v and let A be its valuation ring. Let 
f 6 A[x] be a non-zero polynomial and let ro £ A be such that v(f(ro)) > 
2v(f'(ro)). Then, there exists a unique r € A such that f(r) = and 
v(r - r ) > u(/(r )) - v(f'(r )) > v(f'(r )). 

Any ro € A satisfying the hypothesis of Lemma 13.51 is called an ap- 
proximate root of /. The corresponding root r G A of / can be obtained 
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as the limit r — lim n — r n of the sequence given by Newton's iteration 
r n +l =r n - f(r n )/f'(r n ). We also have that v(f'(r)) = v(f'(r )) ^ oo and 
therefore r is always a simple root of /. 

Lemma 3.6. Under the same notations of Lemma \3.5l let 

f = atx at + • • • + a\x ai + ao € K[x] with < a\ < ■ ■ ■ < at- 

Assume that p \ ai+i — on for some i, < i < t — 1, and that the segment 
defined by (oti, v{a; L )) and (a«+i, v (oj+i)) is one of the segments of the Newton 
polygon NP(f) of f . Let -m, := (v(ai + i) — v(a.i)) / (on+i — a«) denote its 
slope. Then, the roots of f in K* that have valuation mi are all simple and 
are in one-to-one correspondence with the roots of the binomial 

gi = aiX a * +a i+1 x a ' +1 . 

Moreover, the number of roots of gi in K* equals gcd(q — 1, aj+i — «i) when 
errii € Z and the first digit o/oj+i/oj is a (aj+i — ai)-th power in A/9JI, or 
zero otherwise. In particular, the number of roots of f in K* with valuation 
m, is bounded by q — 1 . 

Proof. Note that any non-zero root of gi has necessarily valuation 1X1%. If 
errii £ Z then there are no elements in K* with valuation rrii, i.e. no roots 
in K* of / or gi with valuation mj. Let us then assume that em; € Z. 

By making the change of variables x ^— Tr emi x in / and gi we can reduce 
the proof to the case mi = 0, i.e. v(ai) = u(aj-j-i) and v(aj) > v(ai) for all 
j ^= + By dividing / by Oj+i, we can then reduce the proof to the case 
/ € A[x], Oj+i = 1 and v[aj) = 0. In particular if g = aiX ai + x° i+1 then 

f-gem[x}. 

In this case we will show that the roots of / with valuation zero are approx- 
imate roots of g and viceversa. 

Let r € K* be such that f(r) = and v(r) = 0. Then g(r) = f(r) — (/ — 
g)(r) € 971, i.e. v(g(r)) > 0. Besides, since p\ ctj+i — ctj, then 

g'{r) = (a i+1 - a i )r ai+1 ~ 1 + Ojr^gjr) 

v(-)=0 t)(-)>0 

has valuation zero. This means that v(g(r)) > 2v(g'(r)) and by Lemma l3.5| 
r is an approximate root of g. 

Now let r € .ftT* be such that g(r) = 0, i.e. = — m and therefore, 

since v(di) = 0, w(r) = 0. Therefore, like above, v(g'(r)) = 0. Also f(r) = 
(/ — 5 f )( r ) + 9( r ) implies f(r) G 9Jt, i.e. v(f(r)) > 0. Besides, 

f'(r) = (f-g)'(r) + g'(r\ 
u(-)>0 u(-)=0 
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has valuation zero. Therefore r is an approximate root of /. This shows 
that there are the same number of roots, that are all simple. 

If the first digit of ai is not an (a^+i — aj)-th power in A/9JI, then clearly 
the binomial g{x) has no roots (not even modulo 951) . When it is a power, 
then the number of roots of g modulo is exactly gcd(g — — ai) 

since there are exactly that many (aj+i — aj)-th roots of unity in ¥ q (the 
multiplicative group F* is cyclic with q — 1 elements). Since p \ aj+i — c^, 
each of these roots lifts via Hensel lemma to a unique root of g in K* . □ 

Proposition 3.7. Let p be an odd prime number and let K be a finite 
extension of Q p with ramification index e and residue class degree f , such 
that p — 1 > e, and set q = pf . Then 

Bi(t,K) < ((t-l)D 1 (t,K) + l)(q-l) and 

B m (t, K) < ((t - l)D m (t, K) + 1) (q - 1). 

Proof. We proceed as in the proof of Proposition 13.21 grouping the roots 
by valuation and by first digit. Let / = ao + aix ai + • • • + a t x at G K[x], 
with =: «o < a i < • • • < a t, be a non-zero polynomial with at most t + 1 
monomials. The Newton polygon NP(f) of / has at most t segments. 
If the number of segments is bounded by t — 1, then we immediately get the 
bounds 

B 1 (t,K)<(t-l)D 1 (t,K)(q-l) and B m (t,K) < (t - l)D m (t, K) {q- 1), 

since Bi(t,¥ q ) < q — 1, which are stronger than the bounds that we have to 
show. 

Therefore we can assume that NP(f) has exactly t segments. In particular, 
NP(f) consists of the segments («», v{ai)) — (aj+i, v(ai + \)) for < i < t — 1. 
If p \ cti + i — ai for < i < t — 1 then p \ ai for 1 < i < t and therefore 
f(x) = g(x p ) where g = ao + a\x ai ^ p + • • • + atx at ^ p . The roots of / are 
the p-th roots of the roots of g. Since by Lemma 13.41 there is only one p-th 
root of unity in K, each root of g gives at most one root of /, with the same 
multiplicities. 

Hence we can reduce to the case where at least one of the segments of NP(f) 
satisfies p \ ai + \ — ai. 

In this case Lemma 13.61 implies that there are at most (q — 1) roots of / in 
K* with the valuation associated to this segment, necessarily simple. For 
the valuations corresponding to the remaining t — 1 segments, we have at 
most (t - l)Di(t,K)(q - 1) and (t - l)D m (t,K)(q - 1) roots of / counted 
without /with multiplicities. This concludes the proof. □ 

As a consequence of Proposition 13.71 we get the sharp bound B\(l, K) = 
q — 1 for any finite extension K/Q p with p odd and residue field of q elements. 
The lower bound is attained by the polynomial x q ~ l — 1 G 
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Proposition 12.71 allows us to prove the last result needed in the proof of 
Theorem 11.41 

Proposition 3.8. Let K/<Q) p be a finite extension with ramification index e 
and residue class degree f. Assume that p > e + t. Then 

Di(t,K) < D m (t,K)< t. 

Proof. As in the proof of Proposition 13.31 it is enough to show that given a. 
and s s.t. |s| = t + 1, Pa( r o, ■ ■ ■ , r m) 7^ for any distinct ro, . . . ,r m G 1 + 9JT. 
Write Ti = 1 + Xi with x% € 9Jt for < i < m, then by Lemma 12.51 and using 
Notation EH 



PZ(l + x ,...,l + x m )= Wp(a)P£(x ,...,x m ). 

l</3i<-<ft 

The term of the right-hand side corresponding to (3 = st = (1, . . . , t) is equal 
to W s t(a), since P^ t = 1, and is a non-zero integer number by Lemma f2.7l (b) 
and Observation 12.81 

We show that the remaining non-zero terms for (3 ^ st have valuation 
strictly greater than v(W s t(a)): By Lemma l2"7Tl( c). their ratio satisfies 

W fi (a)PS(x Q ,...,x m ) l\2\---t\ „ . . nB . , 
WM = -^7^Q^)P^...,x m ), 

where Qp(a) 6 Z\ {0}. Since PJ is homogeneous of degree \(3\ — t(t + l)/2 
and v{xi) > 1/e for < i < s, then 

e / ^wgN Xm > \ \^ut+m . . . t!) _„ p(A , . . A!) . 

y Wst(a) ye 

Our assumption p > e + i implies that v p {l\2\ ■ ■ ■ tl) = 0, so we can write 

Since 1 < fi\ < ■ ■ ■ < ftt with (3 ^ st, then > i for 1 < i < i and there 
exists j s.t. /3j > j. We consider three cases: 

• if Pi < p, then fa - i - ev p (fa\) = fa - i > 0. 

• if p < fa < 2p, then j3i — i — ev p (fa\) > fa — i — e > p — t — e > 0. 

• if A > 2p, then fa-i- ev p (fa\) > fa - i - > 2p(l - ^) - t > 
2(p - 1 - e) - 1 > i > 0. 



17 



In all the cases we have j3i — i — ev p (/3il) > 0. Moreover, when (3j > j, then 
/3j — j — ev p (f3j\) > 0. This proves that 

v(W(3(a)P$(x ,...,x m ))-v(W st (a))>0 

for any (3 / st. In particular, v (P^(ro, . . . , r m )) = v (W s t(a)) which implies 
that Pa( r o, ■ ■ ■ , r m) 7^ as desired. □ 

Proof of Theorem \l-4\ 

B m (t,K)< ((t-l)D m (t,K) + l)(q-l) by Proposition [33 
< ((t- l)t + l)(q- 1) by Proposition ES] 

□ 

In [7], H.W. Lenstra introduced another technique to produce upper 
bounds for D m (t,L). For two non-negative integers t and m, he defines 
dt{m) to be the least common multiple of all integers that can be written as 
the product of at most t pairwise distinct positive integers that are at most 
m. Also for any prime p, for any integer t > 1, and for any real number 
r > 0, he defines 

C(p, t, r) = max {m S Z>o : mr — v p (dt(m)) < max {ir — w p (i!)}| . 

In Thm. 3] he proves that D m (t,K) < C(p,t,l/e). Next lemma shows 
that under the assumption p > t + e, we have C(p, t, 1/e) = t, therefore 
providing an alternative proof of Proposition 13.81 

Lemma 3.9. Let p be a prime number and let t and e be positive integers. 
Assume that p > t + e. Then C(p, t, 1/e) = t. 

Proof. Observe that dt(t) = t\, and then C(p,t,l/e) > t by definition. For 
the other inequality, we only have to show that for any m > t and for any 
i < t, m/e — v p (dt(m)) > i/e — v p (il) holds. By our assumption on p, 
we clearly have v p (i\) = 0. Moreover, by considering the same three cases 
analyzed during the proof of Proposition [321 we have m — i> ev p {m\). This 
concludes the proof, since v p (m\) > v p (dt(m)). □ 

4 Lower bounds 

Proof of Example \l.h\ Note first that 1 is a double root, since /(l) = f'(l) = 
and f"(l) = (q — 1) 2 (1 + q q ^ l )q q ^ 1 ^ 0. Also q is an approximate root of 
/, since 

f(q)=q 2{q - 1) (q {q - 1){qq ' 1 - 1) -l) => v(f(q))=2(q-l)f K 
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and also, 

f'(q) = (q-l)(l + q q - 1 )q q ~ 2 (q {q - 1)qq ~ 1 -l) v(f(q)) = (q-2)f K . 

Then v(f(q)) > 2v{f'{q)). Newton's method (Lemma I3.5j) gives an exact 
root r £ K of f such that v{r — q) > v(f'(q)) = (q — 2)fx > fx = v(q). This 
implies that v(r) = v(q) = fx, and in particular r / 1. Note also that if 
x € K is a root of / and £ € K is a (g — l)-root of the unity (i.e. = 1), 
then f(x£) = 0, and similarly, if f'{x) = then /'(x£) = 0. Since there are 
exactly q — 1 different (q — l)-roots of unity £i , . . . , G if , the polynomial 
/ has £j as a double root and r£j as a simple root for 1 < i < q — 1. This 
gives at least 3(g — 1) roots counted with multiplicities. □ 

Proof of Theorem \l.b\ Let A be the ring of integers of K and let be the 
maximal ideal of A. We proceed by induction in t, proving a much stronger 
statement: for any t > 1, there exists a polynomial such that 

1. f t €Zp[x], 

2. /j is monic and it has non-zero constant term, 

3. ft has t + 1 terms, 

4. has all exponents divisible by q — 1, 

5. has one simple root in p*~ 1 (l 

6. has two simple roots in each p l (l + for < i < t — 1 if t > 1, 

7. /j has non-zero discriminant. 

By multiplying each of the roots of ft by the (q — l)-th roots of the unity 
in K, we obtain at least (2t — l)(q — 1) simple roots for f t in K* . Items 3, 
5 and 6 imply that the polynomial ft has a Newton polygon with exactly t 
segments (with slopes 0, —1, —2, . . . , — i + and therefore all its roots (even 
the ones in K) have necessarily valuation 0, 1, . . . , t — 1. 

The polynomial f± = x^ 1 — 1 proves the case t = 1. Now assume that 
ft = x at + at-ix" 1 ' 1 + • • • + a\x ai + ao £ 1> v \x\ satisfies Conditions 1-7. 
Since ft is monic with coefficients in Z p , all its roots in K belong to A, 
and in particular f t (l/p) ^ 0. Furthermore ft(l/p) G p~ at (l + pZ p ), and 
therefore 

i, \ ft{x/p) P at ft(x/p) _x 

ft(x) := —— — r— = — ; — r— = u nix) 

H 7 ft(l/p) P at ft(l/p) V ' 



where 



h(x) := x at + at-ip^-^-'x^- 1 + ■■■ + a p at G Z p [x], (3) 
u := 1 + a^!^-"'- 1 + • • • + a p at € 1 + pZ p . 
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Therefore ft(x) G Z p [x] and we define 

g a (x) := x a - f t {x) G Z p [x] 

for a > at- We show that, for suitable a > at and e G Z p , the polynomial 
= 5 a (x) + e satisfies Conditions 1-7 for t + 1: 

Since /t(0) 7^ 0, then g a satisfies Conditions 1-3 for any a > at- In addition 
ffo(l) = by construction. 

We remark that since ft and g a are monic in Z p [x], then all their roots in 
Q p belong to Z p . Define 74 = max{/u(//(r)) : r G Z p , /t(r) = 0}. Note that 
7t 7^ 00 because has non-zero discriminant. 

Assume a > 2(74 + at). We prove first that if ro G Z p is a root of /t, then 
pro is an approximate root of g a , which induces a root r G Z p of <? Q with 
i>(r) = v(ro) + 1: 
The condition ft{fo) = implies 

9a(pr Q )=p a rg and ^(pr ) = ap"" 1 ^" 1 - //(r )/(p/ t (l/p)). 

Since ^ap"" 1 ^" 1 ) > a - 1 and v{fl(r )/(pft(l/p))) <Jt + a t -l< a/2, 
then v(g' a (pro)) < a/2 < v(g a (pro))/2, Lemma 13.51 implies that pro is 
an approximate root of g a , corresponding to a root r G Z p . Moreover, 
u(r — pro) > a/2, which implies v(r — pro) > > t > u(pro) by the 
observation after Conditions 1-7, and in particular v(r) = v{pro) = i>(ro)+l. 
Therefore each root ro G p*(l +pZ p ) for < i < t — 1 satisfying Conditions 
5 or 6 of ft induces a simple root r G p* +1 (l +pZ p ) of g a . We still need to 
show these are all different. 

Define -y' t = 1 + max{«(r - r' Q ) : r , r' Q G Z p , / t (r ) = /t(r ) = and r / 
r } and assume that a > max{2(7 t + c^),27£}. Then two different roots 
ro / r' of /t in Z p induce different roots r 7^ r' of 5 Q in Z p , since if r = r' 
then 

1 + v(ro — r'o) = v(prQ — pr ) > min{f (r — pro),v(r — pr )} > a/2 > 7^, 
in contradiction with the definition of r y[. 

Therefore, we proved so far that for a > 2{at + 7t + 7t), g a has at least one 
simple root in p*(l +pZ p ), two simple roots in each p l (l +pZ p ) for 1 < i < t 
and the root 1 G 1 +pZ p . 

Our aim now is to produce an extra root. We construct such a root in l+pZ p 
but different from 1 following the following strategy. We start with a fixed 
ro congruent to 1 modulo p but not congruent to 1 modulo p 2 , and show 
that we can guarantee the existence of some a such that the conditions of 
Lemma l3.5l are satisfied for ro and g a . In order to achieve this, we construct 
a sequence of exponents aW such that the order of ro as a root increases. 
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Fact 1 below shows that there exists ro with the required conditions such 
that {y{g' ^ (ro))) is bounded. Assuming this holds, we can pick a large 
enough i » 1 such that 5 = g a (i) satisfies Conditions 1-6 in our list for 
t + 1. Let n, . . . , J^+iG Zp be the 2i + 1 simple roots of g of Conditions 5 
and 6 and set C := 2max{t,v(g'(r j )), 1 < j < 2t + 1}. 

We will define ft+\{x) := g{x) + e for some e S Z p so that satisfies 
Conditons 1-7 for t + 1. By Lemma f3.5l if u(e) > C, then v(ft+\{rj)) = 
u(e) > 2v(f' t+l {rj)) for any j. Therefore the roots ri, . . . , r2t+i are approxi- 
mate roots of ft+i, with corresponding induced roots fi, . . . , r2t+i G Z p that 
are all different and satisfy 

vft - r,) > u(e) - uC/^Crj-)) >C/2>t> v( rj ), 

which implies v(fj) = v(rj). Also, if v(e) > v(g(0)), then ft+x has a non- 
zero constant term. Finally, the discriminant of ft+i is a polynomial in e 
of positive degree, and therefore vanishes at finitely many values of e. We 
conclude by selecting e with v(e) > max{C, v (g(0))} such that f t +\ has 
non-zero discriminant. This polynomial ft+i satisfies Conditions 1-7. 

The rest of the proof focuses now on guaranteeing the existence of such an 
ro and such a sequence (a''')j. Let ro be any element of 1 such that 

ro ^ 1 (mod p 2 ). Therefore p 2 \ r^" — 1 and /t(ro) £ 1 + pL p . Lemma 14.11 
below implies there exists a sequence of integers {a^\>\ satisfying for all i: 

• = (mod <p(p)) an d = (mod (p(p 1 )), 

• ?f = /t(r Q ) (mod i.e. g a( i)(r ) = (mod p 4 ), 

• 5 - 1 1 aW and a® > 2(a t + 7t + 7^- 

Since | <? a (i) (?"o), then v(g a (i) (ro)) > i for all ieN. By Fact 1 at the end 
of this proof, there exists some ro £ 1 + pZ p with p 2 \ r^~ l — 1 such that 
the sequence {y{g' a{i) (ro))) iyi is bounded. Therefore, fixing a™ big enough, 
the hypotheses of Lemma 13.51 are satisfied, and ro is an approximate root of 
g a(i ) inducing a root r € Z p with u(r - r ) > v(fl£, (i) (r )). 
Now for i > 2, since ro = 1 (mod p) and by Fact 2 below, a® = a t (mod p), 
we have 

5U)( r o) - 5 , «w( 1 ) - ° W - «t = (mod p), i.e. t;(^ w (r )) > 1, 

and therefore v(r — ro) > 1, which implies r = (r — ro) + ro € 1 + pZ p and 
r = ro 1 (mod p 2 ). In particular ro ^ 1 is a second simple root of g a (i) in 
1 + pZ p . 

Fact 1. The sequence {v(g' a ( l ){ro))) i>1 is bounded for some ro £ 1 + plip 
such that p 2 f rg _1 — 1. 
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Proof of Fact 1. Assume it is not for any ro satisfying the hypotheses, then 
we can extract a subsequence (fij)j>i, where j3j = /flj-(ro), of (a^)j>i with 
f3\ = (mod tp(p)) such that for all j, 

P j+ i=f3j (mod v{p>)) , r j = f t (r Q ) (mod p 7 ') 
and u (#ft( r o)) > i, i-e. Pjro 3 " 1 = fl(r ) (mod^) 

or equivalently Pjr^ J = r$ //(ro) (mod pP). 

The sequence (Pj)j>i has by construction a limit f3 in the set 

£ p = ljmZ/p(p n )Z w Z/(p -1)Z®Z„J^ (jSi = 0, ( y 5 i ) i > 2 ) 

of p-adic exponents, as defined in [2J Def. 2.1]. 

Thus, for all ro € 1 +pZ p such that p 2 \ Tq~ 1 — 1 there exists j3 := P(tq) G £ p 
such that 

= ft( r o) an d £/ t (r ) = r fl(r ) in Z p 

where the exponential of an element of Z* by an element of f p is defined 
in Prop. 2.2]. Our goal is to prove that if this is the case, then f t needs 
to be a monomial, that is, ft = ax 1 for some a G Q p and 7 G N. But clearly 
ft is not a monomial by construction, giving a contradiction. Therefore this 
would prove Fact 1. 

Given such an ro, let us define = tq + p N for N > 2, which satisfies the 
same conditions, and denote f3 := /?(r~o) and /3at := /3(rjv). Then 

PnI^n) = r N f' t {r N ) =>• /3 N f t (r ) = r //(r ) (mod p^) 

=► /3 W = /3 (mod p^). 

Therefore, since p — 1 | /3 for any /?, /3/y = ft (mod (/ 3 (p Ar+1 )) an d we can 
write 

j3 N = f3 + f{p N+1 )S for some 5 G Z p . 
Now, Taylor expanding ft(ro +p N ) around ro up to order p 2N we obtain 

(ra+P N f + ^ N+l ^ = kr +p N ) => 

4(1 +p N r o y (r^ N+1 \l+p N r^ N+1 ^ 5 = / t (r ) + /7/(r ) (mod p 2W ). 
We write ro = 1 + pxq and therefore, since 

= {l+px )^ N = l+p N ^u N (r ) 
for some MAr(ro) G Z p , we get 
7*(ro)(l + P J V /3)(1 +p JV+1 «i V (ro) 5) = f t (r )+ P N fl(ro) (mod p 27V ). 
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Substr acting /t(ro), multiplying by ro and dividing by p N gives 

ft(r )P +pr UN(r )ft(r )6 = r / t '(r ) (mod 

i.e., since / t (r Q ) /3 = r //(r ), we obtain r u N (r )ft(r ) 5 = (mod p 7 ^ 1 ). 
Now we observe that 

Mro) = (rf pN+1) ~ 1)/P N+1 = {rl 1 - l)/p £ (mod p), 

and therefore since ro = 1 (mod p) and ft(fo) = 1 (mod p), we conclude 
that 5 = (modp^ -1 ), i.e. /?at = /3 (mod p 2JV_1 ). Going back to the 
identity /3/v/t(rjv) = r Nft( r N) and Taylor expanding now around ro up to 
order p 2N ~ l we obtain 

/3A(ro)+^/3/tVo) = (ro+P JV )4(ro)+P JV r /f(r Q ) (modp 2 ^ 1 ), 

which simplifies to 

(f3-l)fl(r ) = r fl'(r ) (modp^ 1 ), V iV > 2, 

and therefore (/3 — l)/t(ro) = ro/"(ro) i n Z p . 

This last identity combined with f3ft{ro) = To//( r o) implies the following 
differential equation independent from /J: 

//'(ro) /t(ro) + /t(r„) //(ro) - ro//(r ) 2 = 0. 

Since this identity holds for infinitely many ro £ Z p , it is a polynomial 
identity in Q p [x] that can be rewritten as 

(*#(*)/£(*))' = 0. 

This means that x //(x) = 7 /t(x) for some 7 6 Q p , and then if f t 7^ 0, then 
7 € N and ft = ax 7 is a monomial. This proves Fact 1. 

Fact 2. a® = at (mod p) for all i > 2. 

Proof of Fact 2. We note that, since 2 < g — 1 | ay for all j, Formula ([3]) 
implies that in Z p [x], 

h(x) = x at (mod p 2 ) and u=l (mod p 2 ) ==>• u^ 1 = 1 (modp 2 ). 

Therefore 

/t(x) = x a * (mod p 2 ). 
Thus writing ro = 1 + p xq with xq £ Z p and p \ xq we get 

ft(r Q ) = r%* = (1 +px ) at = 1 + a t px (mod p 2 ). 
On the other hand, by construction, for any % > 2, 

/ t (r ) = rf > = (1 + px ) aW = 1 + o^pxo (mod p 2 ). 
This implies a"' = at (mod p) since p \ Xq, and proves Fact 2. □ 
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Lemma 4.1. Let y = 1 (mod p) in % p [x] and let r d r L v be such that r = 1 
(mod p) and r ^ 1 (mod p 2 ). Then, given f, C S N, i/iere exists a sequence 
of natural numbers (a^)i>i satisfying that for all i E N, 

• a*- 1 ) = (mod f(p)) and q(* +1 ) = a« (mod <p(p 1 )), 

• r aW = y (mod p*), 

• j/ - 1 1 a® and a W > C. 

Proof. We apply [21 Proposition 3] to g = r a : 

Since r° = y (mod p) and r ^ 1 (mod p 2 ) implies r p_1 ^ 1 (mod p 2 ), then 
there exists a sequence =: f3±, 02, ■ ■ ■ such that = (mod tp(p 1 )) and 
r/3i = y (mod p*) for all i. 

Now we show that there exists ki € N such that — ^ + ki(f(p l ) satisfies 
all the conditions. First we observe that under those conditions, since r ^ 
(mod p), then 

r° ( ' +1) = r^ 1 = y (mod 

Therefore we only need to show that some ki satisfies the last conditions. 
The congruence equation Pi + knp{p l ) = (mod (p-* — 1)) is equivalent, since 
Pi = (mod (p — 1)), to the equation 

^-^-/VCp-l) (mod (1 + -..+/- 1 )) 

which solutions exist and are equal to /c^o + k(l + • • • +p$~ 1 ) for all k € Z, 
where fcj.o is a particular solution, since gc &{p i - 1 ,l + ---+p f - 1 ) = l. Clearly 
/c can be chosen big enough so that aW > C. □ 

Acknowledgements 

It is a pleasure to thank the anonymous referee for several interesting com- 
ments, suggestions and examples. Martin Avendaho also thanks Maurice 
Rojas, Korben Rusek and Ashraf Ibrahim for many fruitful discussions on 
upper and lower bounds of univariate sparse polynomials over p-adic fields. 

References 

[1] A.C. Aitken: Determinants and Matrices. Oliver and Boyd, Edinburgh, 
1939. vii+135 pp. 

[2] M. Avendaho, T. Krick, A. Pacetti: Newton-Hensel interpolation lift- 
ing. Foundations of Computational Mathematics, vol 6(1), pp. 81-120, 
2006. 



21 



[3] M. Avendano, A. Ibrahim: Ultra-metric root counting. Houston Journal 
of Mathematics, to appear. 

[4] J. Bochnak, M. Coste, M-F. Roy: Real algebraic geometry. Springer- 
Verlag, 1998. 

[5] Y-M. Chen and H-C. Li: Inductive Proofs on the Determinants of 
Generalized Vandermonde Matrices. International Journal of Compu- 
tational and Applied Mathematics, vol. 5(1), pp. 23-40, 2010. 

[6] R.J. Evans, I.M. Isaacs: Generalized Vandermonde determinants and 
roots of unity of prime order. Proceedings of the American Mathemat- 
ical Society, vol. 58(1), pp. 51-54, 1976. 

[7] H.W. Lenstra: On the factorization of lacunary polynomials. Number 
Theory in Progress, vol. 1, pp. 277-291, 1999. 

[8] D.A. Marcus: Number Fields. Universitex, Springer- Verlag, 1977. 

[9] O.H. Mitchell: Notes on determinants of powers. Amer. J. Math., vol. 4, 
pp. 341-344, 1881. 

[10] B. Poonen: Zeros of sparse polynomials over local fields of characteris- 
tic p. Math. Res. Lett., vol. 5(3), pp. 273-279, 1998. 

[11] E. Weiss, Algebraic Number Theory, McGraw-Hill, 1963. 



25 



